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• General equations of motion in fluid flow are very difficult to solve.
• Need simplifying assumptions.
• In some cases viscosity can affect flow significantly, whereas in others it can 

be neglected.

Introduction
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• When describing flow fields, think of individual particles.
• Each of these is considered to be a small mass of fluid with a large number of 

molecules (occupying a small volume).

• Incompressible Fluid: Volume doesn’t change in magnitude, but fluid may 
deform.

• Compressible Fluid: As the volume deforms, the magnitude changes.

• Lagrangian Description: Description of fluid motion (position, velocity, 
acceleration), where individual particles are observed as a function of time.

• (x0,y0,z0,t), etc.
• Becomes difficult as the number of particles becomes very large in simple fluid 

flows.

Description of Fluid Motion
Lagrangian and Eulerian Descriptions of Motion
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• Eulerian Description: Description of fluid motion where the flow properties 
are functions of both space and time.

• In Cartesian coordinates, velocity: V = V(x, y, z, t)

Description of Fluid Motion
Lagrangian and Eulerian Descriptions of Motion
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• STEADY FLOW: Flow quantities do not depend on time.

Description of Fluid Motion
Lagrangian and Eulerian Descriptions of Motion
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• Pathline: Locus of points traversed by a given particle as it travels in a field 
of flow.

• Streakline: An instantaneous line whose points are occupied by all 
particles from a specified point.

• Streamline: Line in the flow where the velocity vector of each particle on 
the streamline is tangent to the streamline.  

Description of Fluid Motion
Pathlines, Streaklines, and Streamlines
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Description of Fluid Motion
Pathlines, Streaklines, and Streamlines
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Description of Fluid Motion
Pathlines, Streaklines, and Streamlines

• A streamline can be expressed as:

• As V and dr are in the same direction, the cross-product of these vectors is 
zero.
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• Streamtube: A tube whose walls are streamlines.
• As velocity is tangent to a streamline, no fluid crosses the walls of a 

streamtube.
• E.g., Pipes or open channels.

• In a steady flow, pathlines, streaklines, and streamlines are all 
coincident.

Description of Fluid Motion
Pathlines, Streaklines, and Streamlines
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• Acceleration is the derivative of velocity (with respect to 
time).

Description of Fluid Motion
Acceleration
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• The acceleration is:

Description of Fluid Motion
Acceleration

• The scalar components of the above equation in rectangular 
coordinates are:
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• The acceleration equation can be simplified as follows:

Description of Fluid Motion
Acceleration

• The derivative is the “substantial derivative” or “material derivative.”
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Description of Fluid Motion
Acceleration

• If the observer’s reference frame is accelerating:
• Acceleration of a particle relative to a fixed reference frame is needed.

a: Acceleration given by the equation in a previous slide
V: Velocity vector of the particle
r: Position vector of the particle
Ω: Angular velocity of the observer’s reference frame

• If A = a, the reference frame is inertial: a reference frame that moves 
with constant velocity without rotating.

• If A ≠ a, the reference frame is noninertial. 
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• As a fluid particle moves it may rotate or 
deform.

• In certain flows or regions, fluid particles 
do not rotate.
• These are called irrotational flows. 
• E.g., Flow outside a thin boundary 

layer on airfoils, flow around 
submerged objects

Description of Fluid Motion
Angular Velocity and Vorticity
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• Angular Velocity (Ω): The average velocity of two perpendicular line 
segments of a fluid particle.

• Vorticity (ω): Twice the angular velocity.
• An irrotational flow has no vorticity.

Description of Fluid Motion
Angular Velocity and Vorticity
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Description of Fluid Motion
Angular Velocity and Vorticity

Substantial Derivative, Acceleration, and Vorticity 
in Rectangular, Cylindrical, and Spherical 

Coordinates



17

Description of Fluid Motion
Angular Velocity and Vorticity

Angular Velocity about the x-axis

Angular Velocity about the y-axis

Angular Velocity about the z-axis
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• Rate-of-strain tensor (ε): The rate at which deformation 
occurs.

• If AB rotates with an angular velocity different from that of CD, 
the particle deforms. 

Description of Fluid Motion
Angular Velocity and Vorticity

• The complete tensor is shown 
below:
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Description of Fluid Motion
Angular Velocity and Vorticity

• The complete tensor is shown below:

• This tensor is symmetric, i.e.:
• εxy = εyx

• εxz = εzx

• εyz = εzy
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Description of Fluid Motion
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Description of Fluid Motion
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• Three-dimensional flow: The velocity vector 
depends on three spatial coordinates: 

V = V(x, y, z, t)

• Stagnation point: A point at which the fluid 
decelerates and comes to rest.

• A three-dimensional flow can often be 
approximated as a two-dimensional flow (a plane 
flow).

Classification of Fluid Flows
One-, Two-, and Three-Dimensional Flows

The figure above shows a three-
dimensional flow with a 

stagnation point where the flow is 
normal to the plane surface.



23

• One-dimensional flow: The velocity vector depends on 
one variable.

• A developed flow is one in which the velocity profile 
doesn’t vary with respect to the space coordinate in the 
direction of the flow.

• A uniform flow is one in which the fluid properties are 
constant over the area.

• E.g., Relatively high speed flows in pipes, and flow in a 
stream.

Classification of Fluid Flows
One-, Two-, and Three-Dimensional Flows

One-dimensional flow 
in a pipe u=u(r)

One-dimensional flow 
between parallel plates 

u=u(y)
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• A fluid flow can either be a viscous flow or an inviscid flow.
• Inviscid flow: Viscous effects do not significantly influence the flow.
• Viscous flow: Effects of viscosity are important.  

Classification of Fluid Flows
Viscous and Inviscid Flows

• The main class of flows that can be modeled as 
inviscid flows are external flows.

• Flows that exist exterior to bodies.

• Any viscous effects that (may) exist are confined to 
a thin boundary layer.

• The velocity in this layer is always zero at a fixed 
wall (due to viscosity).
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Classification of Fluid Flows
Viscous and Inviscid Flows

• Most of the time, boundary layers are very thin.
• Can be ignored when studying flow around a 

streamlined body.

• Viscous flows include internal flows (flows in pipes 
and conduits and in open channels).

• Create losses and accounts for huge amounts of 
energy for oil/gas transportation in pipelines.

• No-slip condition results in zero velocity at the 
wall, and the resulting stresses lead to these 
losses.

The inviscid flow outside the 
boundary layer in an external flow is 
called the free stream. 
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• Viscous flow is either laminar or turbulent.
• Laminar flow: Flow with no significant mixing of particles but with significant 

viscous shear stresses.
• Turbulent flow: Flow varies irregularly so that flow quantities 

(velocity/pressure) show random variation. 
• A “steady” turbulent flow is one in which the time-average physical 

quantities do not change in time.

Classification of Fluid Flows
Laminar and Turbulent Flows
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• Whether a flow is laminar or turbulent depends on three parameters:
• Length scale of flow field
• Velocity scale of the flow
• Kinematic viscosity 

• The Reynolds Number predicts the flow regime.

Classification of Fluid Flows
Laminar and Turbulent Flows

L: Characteristic Length
V: Characteristic Velocity
υ: Kinematic Viscosity 

• If the Reynolds number is greater than the critical Reynolds number (Re > 
Recrit) then the flow is turbulent {Laminar < Recrit < Turbulent}
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• If the Reynolds number is greater than the critical Reynolds number (Re > 
Recrit) then the flow is turbulent:

• Rough-walled pipe: Recrit ≈ 2000
• Parallel plates: Recrit ≈ 1500
• Flow on a flat plate: Recrit ≈ 3 x 105

Classification of Fluid Flows
Laminar and Turbulent Flows
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Classification of Fluid Flows
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• Flows can be classified as either compressible or incompressible:
• Incompressible flows are those in which the density of each fluid particle is 

constant. !"
!#
= 0

Classification of Fluid Flows
Incompressible and Compressible Flows
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• Mach Number: A gas flow parameter that is the ratio of flow velocity to that 
of the speed of sound.

Classification of Fluid Flows
Incompressible and Compressible Flows

V: Gas Speed
c: Wave speed 𝑐 = 𝑘𝑅𝑇

• If M < 0.3, flow is assumed to be incompressible.
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• The Bernoulli equation states that for an inviscid fluid 
flow, an increase in fluid velocity causes a decrease in 
pressure or decrease in the potential energy of the fluid. 

The Bernoulli Equation

Between two points on the 
same streamline:

Assumptions
• Inviscid flow (no shear 

stress)

• Steady flow $%
$#
= 0

• Along a streamline
• Constant density
• Inertial reference frame
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• Another form of the equation (by dividing by g) is:

The Bernoulli Equation

1. Pressure p, is called the static pressure (gage pressure).
2. Piezometric head is &

'
+ ℎ and the total head is &

'
+ ℎ + %!

()
3. The total pressure at a stagnation point (local fluid velocity is zero) is the Stagnation 

pressure. 𝑝 + 𝜌 %
!

(
= 𝑝*
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The Bernoulli Equation

1. A piezometer (left) is used to measure static pressure.
2. A pitot probe (center) is used to measure total pressure.

a) Point 2 is a stagnation point.
3. A pitot-static probe (right) is used to measure the difference between total and static 

pressure.
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The Bernoulli Equation

• Maximum pressure at stagnation points A and C (velocity is zero).
• Maximum velocity (minimum pressure) at point B.

• In an actual flow, near C, the boundary streamline leaves the boundary (separated 
region).

• Pressure remains relatively low at the rear. 
• Leads to a relatively large drag force in the direction of the flow.
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The Bernoulli Equation

• The equation above shows how the pressure changes normal to the 
streamline.

• Δp: Incremental pressure change
• Δn: Short distance
• R: Radius of curvature

• Pressure decreases in the n-direction.
• Decrease is directly proportional to ρ and V2

• Decrease is inversely proportional to R
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The Bernoulli Equation
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The Bernoulli Equation
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The Bernoulli Equation
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The Bernoulli Equation
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Summary

• The Eulerian description for acceleration is:

• For a flow in the xy-plane, a particle rotates with angular velocity:

• This deforms with:
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Summary

• Fluid flows can either be:
• Steady or unsteady
• Viscous or inviscid
• Laminar, turbulent or free-stream
• Incompressible or compressible

• The Bernoulli equation is :

For a steady, inviscid, constant-
density flow along a streamline in an 
inertial reference frame.

• The pressure change normal to a streamline is:


